We propose a long-lived and rapidly accessible quantum memory unit, for which the operational Hilbert space is spanned by states involving the two macroscopically occupied hyperfine levels of a miscible binary atomic Bose-Einstein condensate and the Rydberg state of a single atom. It is shown that an arbitrary qubit state, initially prepared using a flux qubit, can be rapidly transferred to and from the trapped atomic ensemble in approximately 10 ns and with a large fidelity of 97%, via an effective two-photon process using an external laser for the transition to the Rydberg level. The achievable ultrafast transfer of quantum information therefore enables a large number of storage and retrieval cycles from the highly controllable quantum optics setup of a dilute ultracold gas, even within the typically very short flux qubit lifetimes of the order of microseconds.
The intense cross-disciplinary interest in the field of quantum information [1] has been mainly driven by the promise of using quantum computers to solve compelling mathematical problems, such as prime factorization [2] , exponentially faster than currently known classical algorithms. Subsequently, this has led to the rapid development of new quantum algorithms, as well as the search for a physical qubit architecture processing fast logic gates, rapid logical operations being necessary to manipulate quantum information before coherence is lost.
The experimental realization of quantum computers often involves developing auxiliary functionality, such as memory qubits and buses [3] , in addition to the implementation of error correction, logic gates, and measurement processes. One such unit, the quantum analog of random access memory (qRAM) can be used to coherently store quantum information, read the stored information by measurements, and possibly even erase, or zero out, the stored data. Hybrid qubit architectures, where qubits are realized by physically distinct systems, which are allowed to interact, have been some of the most interesting and promising candidates for qRAMs. Various examples for such hybrid systems include cavity-QED with Bose-Einstein condensates (BECs) [4, 5] , nanomechanical resonators coupled to a superconducting phase qubit [6, 7] , solid state nuclear spins interacting with flux qubits [8] [9] [10] , and ultracold atoms coupled to a superconducting waveguide cavity [11] .
Recently a hybrid producing a high fidelity quantum memory unit has been suggested [12, 13] , which involves the long-lived [14] hyperfine states of an atomic BEC. It was shown theoretically that one could transfer and store an arbitrary qubit in the hyperfine states that was initially prepared in a magnetically coupled flux qubit using a superconducting quantum interference device (SQUID). The BEC-SQUID coupling is generated by the coherent macroscopic electromagnetic fields produced by the circulating current states of the SQUID. These currents can be used to induce magnetic dipole transitions between the hyperfine split ground states of a trapped ultracold gas. The presence of the N -atom BEC provides a bosonic enhancement of the single-atom magnetic dipole Rabi frequency Ω single between the two hyperfine levels. This leads to a BEC-SQUID Rabi frequency of Ω BS = √ N Ω single . For typical atomic BEC densities this can increase the single-atom Rabi frequency by a factor of 10 3 . The time to transfer a qubit state from the SQUID to the BEC is approximately half a Rabi cycle τ =
BS , leading to τ ≈ 1.5 µs [12] . This transfer time is of the same order as the coherence times of current flux qubits. Thus, for such a system to be a useful element of a functional quantum computer either the BEC-SQUID coupling would have to be increased, the coherence times of flux qubits improved, or some combination of both by several orders of magnitude.
Here, we propose a memory qubit architecture involving an ultracold trapped atomic gas coupled to a flux qubit, which overcomes the aforementioned limitations; it can process both relatively long coherence times for the quantum information, stored in Rydberg states of atoms in a BEC, and ultrafast state transfer times of order tens of nanoseconds. This is accomplished in part by trapping a miscible binary BEC, for example using the two hyperfine states
Rb [15] . Then if each hyperfine state is populated with N ↑ and N ↓ atoms respectively, the Rabi frequency between these two states, induced by coupling to the SQUID, scales as [16] . Although this alone increases the qubit transfer time, from the SQUID to the BEC, by a factor of √ N over the single component BEC, the coupled binary BEC and SQUID system no longer spans a simple two-qubit Hilbert space. For example, if the qubit states of the BEC are taken to be |0 B = |N ↑ , N ↓ and |1 B = |N ↑ + 1, N ↓ − 1 , then the "ground state" of the coupled system |00 = |0 B ⊗ |0 S can easily transition to |N ↑ − 1, N ↓ + 1 ⊗ |1 S (when on resonance), effectively leaving the computational two-qubit Hilbert space. To circumvent this while still maintaining the enhancement of the BEC-SQUID Rabi frequency, we further couple the ↑-hyperfine state to a suitably chosen Rydberg state |e by an external laser source, see Fig. 1 for an energy level diagram. In the following we show this results in a two-photon Rabi transfer connecting the ↓-hyperfine state and the Rydberg state, while the filled ↑-states only remain to enhance the BEC-SQUID coupling, i.e., they are no longer part of the computational qubit basis. The corresponding so-called many-body Rabi oscillations have been recently observed [17] . The manipulation of quantum information using Rydberg atoms is one of the major active schemes toward realizing a quantum computer [18] , as well as the development of solid-state superconducting qubits [19] . The proposed qRAM hybridizes these two well-known setups. We note that while twophoton mediated architectures for quantum information processing involving a charge qubit, an electromagnetic resonator, and a trapped gas of polar molecules have also been proposed in [20, 21] , they are much more demanding as regards their experimental implementation. In particular, the necessity of trapping ultracold polar molecules very near (∼ 10 µm) to a relatively hot and electronically active waveguide surface is a serious obstacle. For the present architecture, the corresponding requirements for trapping neutral atoms are much less severe and, in addition, the experimental procedures are well established, see below for a more detailed discussion.
Neglecting atom-atom interactions the second quantized Hamiltonian for a trapped atomic ultracold gas is taken to be ( = 1)
, (1) where ω i labels the internal energy of each species, e.g. the combined hyperfine and Zeeman energy of each spin or the Rydberg state energy. The neglect of interactions among the two BEC spin states assumes the two components are miscible and all interaction renormalized energies are small compared to the hyperfine energy level spacings. The atom-atom interaction effects of a single Rydberg atom immersed in a BEC sea are an emerging field of study. For example, a recent experimental study investigated highly excited Rydberg electrons in a BEC, interacting essentially with the condensate cloud [22] , and Ref. [23] calculates the mean-field energy shifts of the Rydberg states due to the condensate. These intrinsic effects, and interaction induced decoherence, are however probably much smaller than those induced by the proximity of the system to the surface on which the SQUID resides. These surface effects [24] [25] [26] will be discussed below. The Hamiltonian of the flux qubit is described by the effective low-energy dynamics of a SQUID. In the |L and |R current basis [27] 
or in its energy eigenbasis |0 S and |1 Ŝ
The time dependence of the tunneling amplitude ∆(t) allows for the dynamic control of the energy level spacing. This has been shown to be experimentally feasible on a subnanosecond time scale [28, 29] . Assuming all other transitions are far off resonance, the interaction between the two BEC hyperfine states and the SQUID is described by a single magnetic dipole coupling term
where µ σ,σ ′ is the total magnetic moment of an atom, andB(r) is the macroscopic magnetic field operator of the SQUID. The quantum mechanical nature of the magnetic field is inherited from the macroscopic quantum mechanical current carrying states, which are eigenstates of the current operatorÎ ≃ I|L L| − I|R R| = Iσ z . If B(r) is the classical magnetic field of a current carrying loop, which models the SQUID, thenB(r) = B(r)σ z , see Ref. [12] for details. The coupling of the upper hyperfine state to the Rydberg level is done via an external laser source. Within the electric dipole approximation
Here, d i,j are the electric dipole moment matrix elements connecting the two states i, j ∈ {↑, e}. The plane wave electric field of a laser polarized in the z-direction can be written as E ex (r, t) = E ex e z e i(k·r−ωt) + c.c. ≡
The frequency of the light is fixed to ω = δ 2 − δ 1 + ω e − ω ↑ , see Fig. 1 
. The total Hamiltonian is then
This Hamiltonian can be represented as a matrix in the occupation basis |N ↓ , N ↑ , N e B ⊗ |i S . Because the BEC-SQUID coupling term Eq. (4) only connects states that differ by single pseudo-spin and flux qubit quanta, at zero temperature the full Hilbert space can be approximated by a six-dimensional subspace spanned by
This restriction of the Hilbert space neglects possible transitions such as |N ↓ , N ↑ , N e B ⊗ |0 S → |N ↓ + 1, N ↑ − 1, N e B ⊗|1 S and |N ↓ , N ↑ , N e B ⊗|0 S → |N ↓ , N ↑ −1, N e + 1 B ⊗ |0 S . This is valid only if the energy spacing of the flux qubit is far off resonance from the hyperfine splitting for all times, and the detuning δ 1 is large, see Fig. 1 . The index v in (7) labels the virtual intermediate state of the atomic system, while the remaining states |00 , |01 , |10 , and |11 span the qubit-qubit Hilbert space. In other words, the ultracold atomic gas qubit is given by the two component BEC ground state |0 B and a system with the binary BEC and a single Rydberg atom |1 B . The Zeeman energy shifts from the BEC-SQUID coupling (4) simply lead to a small renormalization of the flux qubit energies and can be absorbed into ε. We assume in what follows, for simplicity, that the effective left-right current states of the SQUID are degenerate, i.e., we set ε = 0 in Eq. (2). For weak SQUID-BEC coupling, i.e., within the rotating wave approximation leading to the truncated basis Eq. (7), the Hamiltonian (6) can then be expressed aŝ
The complex single-photon Rabi frequencies are given by the expressions
, where φ α (r) are the atomic center of mass wave functions of the trapped gas for each species. Furthermore to arrive at (8) overall constants and other subdominant Rabi couplings on the order of a single-particle term have been neglected.
For the Hamiltonian (8) and within the rotating wave approximation one obtains an effective two-photon Rabi process, cf. Fig. 1 . Connecting the states |01 and |10 with a minimal occupation of other levels can be achieved by setting δ 2 = δ 3 over the single BEC system proposed in Ref. [12] . As can be seen from Fig. 1 , for the two systems to be on resonance requires E S = E hfs + δ 1 . For 87 Rb, E hfs ≈ 6.8 GHz, and δ 1 ∼ 10.0 GHz; thus, a relatively large SQUID frequency of approximately 20 GHz is required. Ref. [28] reports that 14 GHz has already been achieved, so that this is within the range of current or near future technology.
Next we calculate the fidelity of a state transfer from t (ns)
For an atomic 87 Rb system and parameters listed in Tab. I, the top left plot shows the time-dependent fidelity (9) of the simple state transfer |01 → |10 , and the right shows the Bloch-sphere averaged fidelity (11) . The final fidelities are F (t f ) ≈ 0.94 and Favg(t f ) ≈ 0.97. The final averaged fidelity as a function of ramp time is shown in the bottom panel.
the flux qubit to the BEC-Rydberg qubit. The state transfer is achieved by initially preparing the SQUID in an arbitrary coherent state |Ψ 0 = α|00 + β|01 . The SQUID's energy level spacing is then dynamically adjusted, such that E S (t) ≃ E hfs + δ 1 for half a Rabi cycle τ and then brought far off resonance again. Within (8) this is done by setting ∆(t) = (E hfs + δ 1 )W (t), where the function W (t) smoothly ramps the two systems into and out of resonance [31] . The time-dependent fidelity of a single state transfer is taken to be the overlap of the time evolved initial state |Ψ 0 with respect to the full Hamiltonian and that of the time evolved target state |Ψ target = α|00 + β|10 under the uncoupled HamiltonianĤ 0 (t) =Ĥ B ⊕Ĥ S +Ĥ ex (t);
where |Ψ(t) =Û H (t)|Ψ 0 , and |Ψ target (t) = U H0 (t)|Ψ target . A general initial state on the SQUID Bloch sphere can be written using polar coordinates as
with 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π and similarly for the target state. Averaging the fidelity over the Bloch sphere,
The time-dependent fidelity of a simple state transfer |01 → |10 and the averaged fidelity, for a system with physical parameters listed in Tab. I, are shown in the top plots of Fig. 2 . As one can see, within current experimental setups one can obtain both a high fidelity and fast transfer using a two-photon coupling. The fidelity also depends on the time scale over which the two qubits are brought into and out of resonance. This is called the ramp time t ramp . Here, the ramp time is defined as the time it takes the flux qubit's energy spacing to change from being 1% larger than its off resonance value to being within 99% of its on resonance value. The bottom panel of Fig. 2 shows how the final average fidelity changes as a function of the ramp time.
We now come to discuss the experimental implementation of the present qRAM scheme. The radiative lifetimes, or qubit T 1 times, of (isolated) Rydberg atoms scales as the cube of the principal quantum number n 3 [32] . For the proposed system, choosing a high Rydberg level has to take into account the increase of the orbital size of the state, which scales as n 2 . For a rather moderate n ∼ 40, T 1 ∼ 40 µs, which is already an order of magnitude longer than the phase coherence times of current flux qubits [33] . Even though the BEC has to be in relative proximity of the SQUID, and its accompanying electronics, heating, decoherence, and atom loss due of the BEC are negligibly small at superconducting temperatures [34] .
A potential complication, stemming from bringing the Rydberg atom close to a solid-state surface, is caused by the presence of electric fields originating from the adsorbates of atoms deposited on the surface, leading to nontrivial Stark shifts of the internal energy levels of the trapped atoms [35, 36] , and potentially also affect the phase coherence of the Rydberg state qRAM. These shifts vary within the BEC cloud, depending on an atom's distance from the surface (Ref. [36] quotes a shift per distance ∼ 1 MHz/µm at n = 35). Averaging over the size of the BEC, this effectively leads to increased energy level "line-widths". These line-widths could be larger than the band-width of the external laser source, which would diminish the bosonic enhancement of the single-particle Rabi frequency, i.e., the √ N -dependence to some degree, as the number of atoms on resonance with the laser is reduced. This effect can be minimized, though, by making the BEC highly oblate, with the weakly confining axes parallel to the solid state surface.
In conclusion, we have proposed using a trapped atomic binary BEC with single Rydberg-excited atoms as a fast, long-lived, and functional qRAM for a flux qubit. The presence of the two-component BEC allows for a rapid high fidelity two-photon-mediated state to be transferred between the two systems, i.e., write the flux qubit to memory. Reading the memory qubit by quantum tomography can be done via photoionization of the Rydberg level and subsequent ion detection [17, 37, 38] . This can also be used to erase the stored information. We have discussed that this setup appears feasible within present or near future technology.
